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We discuss the degree of approximation by polynomials of a function f that is
piecewise monotone in [ —1, 1]. We would like to approximate f by polynomials
which are comonotone with it. We show that by relaxing the requirement for
comonotonicity in small neighborhoods of the points where changes in monotonicity
occur and near the endpoints, we can achieve a higher degree of approximation. We
show here that in that case the polynomials can achieve the rate of w;. On the other
hand, we show in another paper, that no relaxing of the monotonicity requirements
on sets of measures approaching 0 allows w, estimates. © 1998 Academic Press

1. INTRODUCTION

Let I:=[—1,1], and for s=>1 let Y:={y}i_,, —l=p,<--- <y <
yo=1. Finally let 4(Y) be the set of continuous functions f on I, such
that f'is nondecreasing on [ y;, y,_; ], when i is odd and it is nonincreasing
on [ y;, y;_1], when i is even, and set

s—1

I(x):= l_[ (x—yy).

i=1
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A polynomial P,, is said to be comonotone with f'e AY(Y) on the set E 1,
if P!(x)II(x)>0, xeE. Note that if fe C!(—1,1), then f’(x) II(x) >0,
xe(—1,1) if and only if fe AV(Y).

A. S. Shvedov [10] proved that for each Y there exists a constant ¢(Y),
such that for every fe AY(Y) and all n>1 an algebraic polynomial P,, of
degree < n, which is comonotone with f on I, exists satisfying

Hf_PnHC(I)SC( Y) wy(f, 1/n), (L.T)

where w,(f;-) denotes the modulus of smoothness of order k, of f. (Earlier
DeVore [2] proved (1.1) for the case s=1, which is the case where f is
monotone and of course the dependence of ¢(Y) on Y is meaningless, i.c.,
¢ is an absolute constant.) More recently, R. A. DeVore and X. M. Yu [4]
and G. A. Dzyubenko [6] have shown that one can get also pointwise
estimates, namely,

Lf(x) = Po(x)| S c(Y) 0r(f, pu(X)), (LT

where p,(x):=./1—x*/n+1/n°

On the other hand it is known (see [ 10]) that in (1.1) and (1.1"), one
cannot replace w, by w, with any k> 3.

It is quite natural to ask whether one can strengthen (1.1) in the sense
of being able to replace w, by moduli of smoothness of higher order, if one
is willing to allow P, not to be comonotone with f on a rather “small”
subset of /. This indeed turns out to be possible for w;, as we show in
Theorem 1. However, even this improvement comes to a halt, it cannot be
extended to w,, and thus not to w, for any k> 3. We devote a separate
paper [ 3] to proving this assertion when f is monotone. Here we will only
state the result in the general case (see Theorem 4 below); the proof is a
modification of [3].

We begin with some notation needed for the statement of Theorem 1.
Let x_;:=1, x,,;:=—1 and for each j=0,..,n, set x;:=x,,:=
cos(ju/n), I;:=1;,:=[x;,x;_1], and h;:=h; ,:=|[;| :==x;,_—x;. For
later reference we need the following well known relations (see, e.g., [7])

plx) < Iy <5p,(x), vel, (12)
hy g1 <3h, j=1,..n, (1.3)
PaY) <4p(x)(|Ix =yl +pux)),  x yel (1.4)

which in turn implies

2|x =yl +pux))>x=pl+p(y), x,yel (L5)
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and
I
|x —x;| +h; |x — ;| + pn(x)
I 12
<C<’> . (1.6)
|x —x;| +h;
Given Y, let
0;:= Oi,n(Y)::(xj+laxj—2)n if yie[xja xj—l)a
s—1
On; Y):=) 0, n=1, 00,Y):=[—1,1],
i=1
and

O*n,Y):=0n, YYul,ul, nx=l, o0*0,Y):=[—1,1].

We first prove

THEOREM 1. There are constants c=c(s) and C(s) for which, if
feAV(Y), then for every n> 1, a polynomial P, of degree not exceeding n,
which is comonotone with f on INO*([n/c], Y) exists, such that

|f(x) = Po(x)| < Cls) @3/, pa(x)). (1.7)

We are able to obtain estimates involving moduli of higher orders for
classes of differentiable functions, namely,

THEOREM 2. Let k=2 be fixed. Then there are constants ¢ = c(s, k) and
C(s, k) for which, if fedAV(Y)nCY[ —1,1], then for each n=k—1,
a polynomial P, of degree not exceeding n, which is comonotone with f on
I\NO([n/c], Y), exists such that

/(%) = P(x)| S C(s, k) po(x) 0p _1(f", pu(x)),  xel (L8)

It is interesting to note that the differentiability of f, without giving up
some small neighborhoods of the points Y, in general does not allow
statements like (1.8). Indeed among others, it is shown in [ 8] that there is
an fe AY(Y)n C'[ —1, 1], with s > 1 number of changes of monotonicity,
which is thrice differentiable in (—1, 1) and such that (1 —x2)%? f®(x) is
bounded there, and yet the least distance (in the sup-norm) between f and
polynomials which are truly comonotone with it, can be made as large as
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one wishes. (There are other interesting phenomena for truly comonotone
approximations; the interested reader is referred to [8].)

Observe that O(1, Y)=0%*(1, Y)=[—1, 1], thus it is clear that for
n<2c¢, we place no monotonicity constraint on the approximating poly-
nomials. Therefore Theorems | and 2 follow from the well-known uncon-
strained Timan-Dzjadyk—Freud—Brudnyi estimates and we only have to
prove them for larger n.

We shall make no attempt to estimate how small the constants ¢ in
the above theorems can be. Obviously, the smaller they are the smaller the
neighborhoods O*([n/c], Y) and O([n/c], Y) are, thus the stronger the
results are. However, we feel it is important to point out that ¢ cannot be
too small or the above theorems become false for s> 2. To this end we
prove the following result in Section 5.

THEOREM 3. For each A>=1 and n>=60A4, there exists a collection
Y, :={y:} 3o, and a function | =f, € AV(Y,), such that any polynomial P,
of degree not exceeding n which satisfies

Py(x) f'(x) =0, x¢ O*(8nn, Y,),
necessarily satisfies also

’f_P" H>A. (1.9)
o1(f, pul+))

Note that the collection Y, depends on A4 and that if we stated Theorems
1 and 2 with constants that depend on Y, then obviously we would not
have the analogue of Theorem 3. Also, evidently when A4 increases, n is
taken bigger and bigger. Indeed, for small (fixed) », it is possible to take
¢ in Theorems 1 and 2 as small as we wish if we are willing to pay by
enlarging C. Furthermore, if s=1 or 2, then it is possible to take c
arbitrarily small (at the expense of increasing C). Finally one should note
that for any s, the neighborhoods of the endpoints in Theorem 1 can be
taken to be of length of arbitrarily small (¢) proportion of 1/n* while
allowing C:= C(s, ¢).

To conclude this section, we state without proof (the proof will be given
elsewhere) the following result which asserts that Theorem 1 cannot be
valid for higher moduli of smoothness (see [3]). To this end, given ¢ >0
and a function f e AV(Y), we denote

Eﬁl”(f; e) :=i}I}f I f— Pl ey
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where the infimum is taken over all polynomials P, of degree not exceeding
n satisfying

meas({x; P,(x) II(x) >0} n1)>2—e¢.

THEOREM 4. For each sequence &= {¢,} X ,, of nonnegative numbers
tending to 0, there exists a function f:=f, e AV(Y), such that
1 .
ED(f; en)

llisip o). l/n):OO' (1.10)

Throughout this paper we take k>2. In the sequel we will have con-
stants which depend on s and k. If they are independent of any other term,
then we will not explicitly write this dependence. However, we will use the
notation ¢ and C to denote such constants which are of no significance to
us and may differ on different occurrences, even in the same line; and we
will have constants with indices ¢y, ¢,, ... and C;, C,, ... when we have a
reason to keep trace of them in the computations that we have to carry in
the proofs.

2. AUXILIARY LEMMAS

Since we deal with functions f, which are piecewise monotone, then f’
exists a.e. in /. We will use the max-norm of f as well as the norm of f” in
L, (when applicable). Thus, for any interval J < I, let us denote

1flly:= Hf”LDO(.])a

which is obviously compatible with the max-norm whenever f is con-
tinuous.

Throughout this section, n>1 is going to be fixed so that we would not
have to carry n as an index for the intervals, etc.

First we prove

LemMA 1. Let Hy:=0<H,<H,<H,, n;:=H,—H;_,, j=1,2,3, be
such that 1/3<n,/n;<3, j=1,3; and let fe C[0, H3] be nondecreasing in
[0, H5]. Then there is a quadratic polynomial P,, interpolating f at H, and
H,, such that

Hf_Pz”[Hl,HZ] <cws(fim2; [0, Hs]),
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and
5(x) =0, xe[H,;, Hy].
Proof. Let
Ly(x):=L(x; f;0, H,, H,) and L,(x):=L(x; f; H,, H,, H3)

be the Lagrange polynomials of degree 2, interpolating f at the points
0,H,,H,, and H,, H,, H;, respectively, and let L,(x):=L(x; f; H;, H,)
be the linear function which interpolates f'at H; and H,.

If Ly(x) =0, or Ly(x)=>0, for xe[ H,, H,], then the assertion follows
from Whitney’s inequality. Otherwise, we have

Ly(x)<0 and Li(x)=0, xe[H,;, H,],
whence
Ly(x) < Li(x)<Lo(x), xe[H,, H,].
Applying Whithey’s inequality we get, for xe [ H,, H,],
Li(x) = f(x) S Lo(x) = f(x) < |Lo = Ml a1y, 11
< | Lo— /] [0, H3] <cos(fi 12 [0, Hs]),
and
F(6) = Ly(x) < A(x) = Lo(x) < |f = Lol s, 1,
< | f =Lz llgo, < cos(fo 125 [0, Hi ).

Hence

Ly — Al [H), Hy] <cos(fin). |

Next we have

Lemma 2. If feC0,h] and f'(x)=0 for xe[0, h], then there is a
polynomial P, _, of degree <k —1 such that

If = Pr—1llpo, n < chww_1(f7, s [0, h]), (2.1)
S0)=P,_1(0),  f(h)=P,_y(h) (2.2)
and

e_1(x) =0, xel0, h]. (2.3)
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Proof. If f is a polynomial of degree <k, then obviously there is
nothing to prove. Otherwise let P}_, be the polynomial of the best uniform
approximation of f” in [0, /], and denote

E, 5= —Pf_,| ro.n > 0.
Set

S(h) —f(0)
% (PE_2(u)+Ex_»

Py_(x) = (0) + ARG R

where it is readily seen that the denominator is not zero and that (2.3)
follows by

P y(u)+Ex = f'(u) =20,  uel0,h]

Also, it is evident that (2.2) holds thus we only have to prove (2.1). To this
end, for xe [0, 7] we have

S) = Pea(x)
== PE =B du— [ (0= PE ()~ By d

(% (P¥_o(u)+ Ex_,) du
[5(PF_y(u)+ E_o) du’

X

Hence
I f—Pr_1ll [0, 4] <2hE; .

Now (2.1) follows by Whitney’s inequality. [J

Denote by X, the collection of continuous piecewise polynomials of
degree <k with the knots at the x;’s. Thus, Se 2} is differentiable in 1
except perhaps at the x;’s. We denote this derivative by §".

Let p e @, ie., ¢(0+)=0 and ¢(¢) is nondecreasing while ¢ *p(t) is
nonincreasing on (0, co). We will use the ordinary notation fe H? and
fe W'HY, respectively, for f with w,(f,-) < ¢ and for differentiable f with
wk(f,’ : ) < @.

Then, Lemmas 1 and 2 readily imply the following Lemmas 3 and 4,
respectively.

LEMMA 3. Let pe @ If fe HS and f € AV(Y), then there is an Se X,
such that

If=Slly<cohy),  j=1,..n,
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and
S'(x) II(x)=0 in I\O*.

LeMMA 4. Let we® ! and ¢(t):=tw(t). If fe W'H? | nAY(Y),
then there is an Se€ X, _ such that

Hf_ SHIJ< C(p(hj)’ .]= 1’ e 1,
and
S'(x) I(x)=0 in I\O.

The following lemma is proved very much like [ 7, Lemma 5.4] (see also
a simpler variant [8, Theorem 1]).

LEMMA 5. Let @ € @ and suppose that f is locally absolutely continuous,
that

1

(WA FAS }TQ( ), J=1l,n

and that
f'(x) I(x)=0, ae. x¢O or x¢O*
Then there is a polynomial V, such that
lf=Vally<co(hy),  j=1 ..n
and
Vi(x)II(x)=0, x¢O or x¢O%,

respectively.

Now let 7, ; be the smallest interval containing /; and I; and denote

h, ;:=11; ;|. For Se X} 4, put

lpi—pills / Rk, \*
C=a. (S =1L L i=1, ... 24
al,] al,]( b (p) (p(//lj) <ht J> > l)./ > )na ( )

where p; is the polynomial defined by p;|, :=S|;. Finally for any E < let

a(S, @; E) :=max a, ;(S, ¢),
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where the maximum is taken over all i, j such that [, E# @ and
I; n E# ¢, where J denotes the interior of J; and

ap:=ag(S, ¢; I).

We have

LEMMA 6. There is a constant ¢, depending only on k, such that for any
feH? and SeX,_,, if

lf =Sl <elh),  j=1,..n, (2.5)
then
a,<c. (2.6)
Proof. We divide I; into k subintervals of equal lengths by setting
Xj0:=X;<X; ;< - <X;,_1<X;_; and we let L, be the Lagrange poly-
nomial of degree k—1 interpolating f at x;,, /=0,..,k—1. Then by
Whitney’s theorem
I/ = Ll 5, < conl f 1)) < cp(y). (2.7)
Hence by (2.5)
Hpj* Ly HI] < Cgﬂ(hj),

which implies

h, \*
lp;=Lel<c < h’) @(hy). (2.8)

J

At the same time, (2.7) implies (see [9, p. 51, (4.15)])

Iy \*
|f_Lk|Il.<C<;l’j> @(hy). (29)

J

Combining (2.5) with (2.8) and (2.9) we obtain

hy V¢
=l <e (F2) o)+ oth)

J

o\
<C<h’j> (P(//l])ﬂ

J
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where if ;> h; we used the inequality ¢(h;) < ¢(h;), and if h; < h;, then due
to ¢ € ®* we have

3. THE MAIN LEMMAS

We begin with a well-known partition of unity by polynomials which
goes back to G. Freud and Yu. A. Brudnyi (see, e.g., Dzjadyk [5,

p. 273-277]). For each fixed integer r, a collection {z, ,}7_,, of polyno-
mials of degree <, exists such that
Y 7, (x) =1, (3.1)
j=1
and for ¢ =0, 1, ... we have
h» p (X) >r+l
(a) <C z 2 , I 32
< s (e el G2

where C depends on ¢ and r. (Inequality (3.2) for ¢ =0 follows from [5,
p. 277, (13)], by (1.4) and (1.6); and for higher ¢ by induction. Actually,
we only need ¢ =0, 1.)

First we prove

LEMMA 7. Letr>=3k, o e @, and Se X, _,. For ny > N, with n, divisible
by n, the polynomial

D, (x)i= z P X 0 (33)
satisfies
1S(6) — Dy ()] < Coarppu(x)),  xel. (34)
and
P(palx))
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Moreover, for each 0 <o <1,
P(pa(x))
PulX)

P, (X) >’“‘3’° P(p,(x))
Pu(X)+0 Pa(x)

|S"(x) — Dy, (x)| < Crag(S, ¢; (x =9, x+ )N 1)

+czak< , xel, (3.6)

where C,= C(k, r).

Proof. Recall that throughout the paper we assume k >2. (Since for
k=1, Sis a constant, Lemma 7 is valid also for kX =1.) We will only prove
(3.6), the proof of (3.4) being similar, and evidently, (3.5) being an
immediate consequence of (3.6).

We fix 1 <j<n, and xe[; and to save in writing we set p :=p,(x), and
p1:=pn(x). Since p;— p; is a polynomial of degree not exceeding k —1,
then

h, \k1!
p-pdy<e(F) In iy

14

Hence by (1.6) and (2.4),

hi Nk—1 hi ANk
Hpj_piHIj <c < h)-j> <h’-j> §0(hj) a; ;

< Cai,j‘ﬂ(hj) <

=
<.
~_—
w
bS]
|
N
|
(9}
Q

(3.7)
which in turn implies

17, pilly <+ 2, . (38)

e
Z

(Note that for uel;, (1.2) and (1.3) imply that %, ; ~ |u— x| + p, that is,
there are constants 0<c¢< C independent of i, j, and n, for which
ch; ;<lu—x|+p<Ch; ;) Now, if we write |x—x;,|:=min{|x—x,],
|x —x;_,|}, then it follows by (3.7) and (3.8) that

X — ;4 |
p;(¥) =P S e =0, ;. (39)
i
Indeed if i=j, there is nothing to prove; if i# j+ 1, then (3.9) is an
immediate consequence of (3.7) and the inequality (see (1.3))

[x —x; | >h;/3,
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and if i=j+ 1 (a similar proof applies to i=j—1), then

|Pj(x) —pi(x)| =

|yt = pigw) du

since |x —x;, | > |x—x;|. Thus, if we denote

O-i(x) = Z Tv,nl(x)a

vl =1

v, np =i

then by (3.2) with ¢ =0, we have for i # j,

hy, n P
lo/(x)<c )] !
' v:l CIi(p1+|x_xv,n1|)r+l

v, np =
Pi
<c Y h,
(P1+|x_xi*|)r+1v:1 er

v S

chipt
= . 3.10
(Pt —x ) (310)
In the same way (with g =1) we get for i # J,
, chipi™!
gi(x)] < .
los(x)] < (3.11)

(pr+Ix—x;, )Y

Now by (3.1),

S'(x) =Dy (x)= Y, [(p;(x) = pi(x)) oi(x) + (pj(x) — Pi(x)) 0,(x)]

and by virtue of (3.8) through (3.11),

r—1
<Chi Q, jpl—r
hj ’ (pl+|x_xi*|)

o(p) h; < i >’+2‘3’°

<ca” —
PP \PLH X=X




NEARLY COMONOTONE APPROXIMATION 65

i=0,i#j
= 2 lu+ X ()l
itlx—x; <o it|x—x;,|=0

elp) & h;
<ca(S, o, (x—0,x+0)n 1
k( (p( ) ) P pligl(pl+|x_xi*|)2

LIRS | <Pl>’”‘3k
k i
P1 i#ji|x—x;,|=0 pl+|x—xi*|
(p) (= du
< — -
\Cak(é) lj—w (p1+|x_u|)2

PP) 1wk [ du
+ca " 2 _
k P P1 L (p1+u)r+273k

r+1—3k
< cay(6) w(p)+cak¢(p)< Pi > ’
p p \p1+9o

where x being fixed, we used the shorter notation . (d):=a.(S, ¢;
(x =9, x4+ 0)). This concludes the proof of (3.6). |

The following lemma is crucial to our proof.

LemMA 8. Let the interval E consist of > 12s of the intervals I;, and let
J be a subcollection of u<l/4 of those intervals and we write J:=\) ¢.
Then for each ¢ € @, there exists a polynomial Q,(x)= Q,(x; E; #; @), of
degree not exceeding 30ksn, satisfying

Q.(x) I(x) =0, x¢ E\(OUJ); (3.12)
Oixsen i) = =22 xep\ou:  (13)
0! (x) sgn H(x)>c3:t(pi)p), xeJ\O, (3.14)
where we may assume that ¢z <1;
, L o(p) p 3ok ,
0,(x) sgn H(x)>c3; P <p+dist(x, E)> ,  xeI\(EuO0); (3.15)
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and

B
k+1qkl (1=
10,(x)] < C(p) 1413 <|E|+dist(x’E)>, vel,  (3.16)

where |E| denotes the length of E.

Proof. We begin by quoting some results from [7] (see Lemma 5.3
there and the definitions above it). We put b :=max(6s, 8k —s+ 1), and
for each j such that I; nO= (which we denote by je H), we let the
polynomials T;(x)=T; ,(x;b;Y) and T;(x):=T,,(x;b;Y) of degree

(b+1)(4n—2) + s+ 2 be those defined there.
We recall that

T,()=Ty(1)=1,

and that by [7, (5.15) and (5.16)] we have

T (x) II(x) sgn I1(x;) = 0, xel, (3.17)
and

T}(x)H(x)sgnH(xj)<0, er\IJ-. (3.18)
Since

AENELY PSS Rt Y xel,

X; = Vi X;— Vi

[7, (5.19)] implies

whence,

o(h) | Tyx)| < 2 xel,

(3.19)

If y;(x) ::)([xj,l](x), then by [7, (5.23) and (5.24)], we have

h~ 8k+1
2 , xel,

L (x) = Ti(x)| <c <|x—x]|+hj
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and

h. 8k +1
(xX)—T(x)|<c| ——— , I
o -Tol<e (i) v

Hence, by virtue of (1.5), it follows that

h; h; *
I Ly () — To(x)| <ep(h) 2 (— ) A
o) 12500 = T(x) < eolh;) P <|X—xj| +hj> e

and

<<

_ h h; 4
o) |x;(x) = T;(x)| < co(hy) » <|x—xj|+hj> , xel (3.20)

Similarly, by (1.6), we have (see also [7, (5.29) and (5.30)])

» 4
<|)C—)CH—p> . XGI, (321)
J

h

o(hy) |x,(x) — T;(x)| < w(p);j

and

_ h. p 4
so(h,>|xj(x>—T,-<x)|<w<p>f<>, vel  (322)
pA\Ix—x;[+p

In view of (1.2), it follows from [7, (5.28)] that

: ?(p)
@(h) |Ti(x)| =c = xel, (3.23)
and observing that
V. v 3
Yol Wenl o AB o po,
Xp=yil x=x;l+lx =yl lx—x;]+p

then finally (1.6) and [7, (5.22)] (see also [7, (5.27)]) vield

(/)(p)< p >4b+s+k—2

h) | T (x)|=c
ol I T30 222 (P

. xel\O. (324)

We are ready to proceed with the proof. We write je H(E) if j € H (defined
at the beginning of the proof) and I, = E. We denote by j* and j,, the
biggest and the smallest indices, respectively, in H(E). Note that

|x — xj0| + p < c(dist(x, E) + p), x < xj0,

: 3.25
|x—x; [ +p<cdist(x, E)+p),  x=x;. )
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Similarly we write H(#):=H(E)n ¢ and H(#°):=H(#)u{j° jo}.
Denote by /; the number of all indices in H(E) and by u; the number of
indices in H(_#°). Then
[—-3s</, <, and ny <p+2. (3.26)
We set
f;:=sgn Il(x;)

and consider two cases.
First assume that f8; has the same sign f, for all je H(E) and let

1 zjeH(jO) q’(hj)

a:= . (3.27)
M ZjeH(E)\H(/) (P(hj)
We estimate the numerator by
Y. o(h)<(u+2) max o(h). (3.28)

je H(#% Jje H(E)

By (3.26), the number of elements in H(E)\H(_¢) is at least
L—u=l-3s—u=I2.

Since ¢ € @*, we can prove in a similar way to that of [9, Lemma 17.1]
that

Y @h)=cl max o(h).

Jje HENH(#) JeHE)

Therefore we have established that a defined above is bounded, say by c,,
independently of £ and #. Hence by (3.19)

ag(h)) |TH(x)| <c, (”(p”), xel, (3.29)
Put
B 1 f
0=2 (4 % pTi-a T el ),
Cx \H jeH( s Jje HENH(F)

We will show that Q, has the required properties. First, (3.12) follows
immediately from (3.17) and (3.18). Also, by virtue of (3.17) and (3.18) we
have
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0:(x)sen 11(x)> = L o(h) 1Tyl xel;SENOU). (330)
04(x) sen 11(x) >c1,i o) ITYX),  xel,cNO,  (331)
04(x) sgn M(x) >CI; o) ITh )], x> 1, (3:32)
04(x) sen 11(x) 22; Pl ITp(x),  x<xp. (333)

Now we obtain (3.13) from (3.29) and (3.30); (3.14) follows by virtue of
(3.23) and (3.31); and (3.32), (3.33), (3.23), (3.24), and (3.25) are combined
to yield (3.15).

Thus, to complete the proof we have to prove (3.16). To this end we
rewrite Q,, as

[
c*ﬂQn<x>=< Y )Ty (x) — 7,(x))

H je m( 2%

—a z (P(hj)(Tj(x)_}(j(x))>

Je H(E\H(.#)

/
+< Z (P(hj))(j(x)_a Z @(hj)){j(x)>

H je H( % je HENH(#)
=: A(x)+ B(x), say.

If xeI\E, then all y;(x) with je H(E) have the same value so that (3.27)
implies that B(x)=0. On the other hand, if x € E, then by virtue of (3.27)
and (3.28),

|B(x)| <2[(1+4+2/u) max ¢(h;)<cl max ¢@(h;)

jeHE 7’ jeH®E)

|E| k/2
<cz¢(p)<p> <cl*+ 13k p). (334)

In order to estimate A(x) we first assume that p <|E|. Then we apply
(3.21) and (3.22) and get

h;
|A(x)| < clpp(p) —L———<clpo(p)
po(p ,géE)(lx—leer)“ pp(p JE

|E] ’
@t o= (e m) O

du
(Ix —ul +p)*

<clp’p(p)
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If on the other hand, |E| < p, then by (3.20) we have

>
|A(x)| < cl plh) ———F—;
jeg(E) / p(|x_xj|+hj)4
4
_ 2l N
P jeH(E)(|x_xj|+|E|)
|| h
<cl|E]® p(|E|) — T
je%‘zE)(|x_xj|+|E|)4
<l |E]? of )J o du
SO (= ul + 1B
1

<l |E)?
HEF 200) (Gistx. By 3 1ED)?

|E] :
<clo(p) <|E| T+ dist(x, E)> ' (3.36)
This concludes the proof of (3.16).

In the second case, we assume that there are j, € H(E) and j, € H(E),
such that §; 8, <0. (In this case we do not make use of T;, and hence we
can even strengthen (3.13) by replacing its right-hand side by zero.)

Depending on the sign of 3 ;. y 0 @(h;) B; we take b >0 so that for

/ . .
0.(x)i== Y olh) Ty(x) f+bolhy) Ty(x) f.  i=1ori=2,
JjeH(ZY
we have Q,(1)=0. Note that this implies that
12;.;11(/0) (P(hj)

b<
2 @(hy)

(3.37)
Now we proceed as in the first case and readily obtain
0,(x) sgn I1(x) =0, xel,

0,(x) sgn 1(x) =—p(hy) [Tj(x)], xel; <J\O,

O(x)sgn I1(x) == () | T} (%),  x=x;_1,

0,(x)sgn II(x) =— @(hyp) | Tjo(x)l, x < X0.

R~ Rl~ |~
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Finally, we rewrite
/
0,(x) = ( S ol )Ty (x) 2/ () B+ bl (T, (x) — 7,(x)) ﬂj,)
JjeH(#0)

[

+( D w(hj>xj(x>ﬂj+b<p(h,~i>xji<x>ﬂji>
K je mi 0

=: A(x) + B(x), say.

As before, if x e I\E, then B(x) =0, and if x € E, then by (3.37) (see (3.34))

2
1Bl <2022 max (k) < el 134 p).

U jeHE)

The estimate of |A(x)| is done in the same way as (3.35) and (3.36), where
again we employ (3.37). |

4. PROOF OF THEOREMS 1 AND 2

The crux of the proof is a lemma the idea of which goes back to the
seminal paper by DeVore [1].

LEMMA 9. Let o e @ and Se X, . Assume that
a(S, p) <1, (4.1)
and that
S'(x) (x)=0, for xelI\O or for xel\O*.
Then there is a polynomial P, of degree <cn such that
|P,(x) = S(x)| < Co(p,(x)), (4.2)
and
P(x)(x)=0, for xelI\O or for xelI\O*, respectively. (4.3)

Proof. Set r=3k—1+ 36sk, and let ¢, := C,(k, r) of (3.6). We fix an
integer ¢, so that

¢4 >max(8k/cs, 125), (4.4)

where c5 is the constant of (3.14). Without loss of generality we are going
to assume that n is divisible by c¢,, i.e., n=: Nc,, where this defines N.
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We divide I into N intervals,
Eq = [quA, x(q—l)c4] =ch4 O o UI(qfl)c4+15 q= 1, ceey N

We will write je UC (for “Under Control”) if there is an x € /; such that

15"(x)] < 5¢, “"pp ) (45)

and we will say that g € G (for “Good”), if E, contains at least 2k — 3 inter-
vals I; with je UC. Note that if ge G, then (4.1) implies that any of the
polynomials p;, (¢ —1) ¢4+ 1< j < gcy satisfies

Indeed, let ie UC and let x* € I; be such that (4.5) holds for x*. Then by
virtue of (4.1),

p

7o)

< (4.6)

E,

[y (x®) < pj(x*) = pi(x®)| + | pi(x*)]

¢ P(pu(x*))
<—\p.—p. RAY L S
\hi Hp] p,HIi“f‘C pn(x*)
k
<C(o(hj) <hy> <C(P(hj)’
h; \h; h;

J

where we used the fact that when (¢ —1) ¢, +1<1i, j<qcy, then h;~h;~
hy;. Since there are at least kK — 1 intervals with e UC, which are not adja-
cent to each other, and p} is of degree k — 2, we conclude that p} is bounded

in E, by the same bound. Again ¢(h;)/h; ~@(p)/p for any xe E,. This
proves (4.6). In particular,

|S’(x)|<c¢(pp), xeE,. (4.7)

We remark that once (4.7) holds in E,, then it holds (with perhaps a
bigger constant) in E,, ,UE, UE, ;.
Given any set 4 < I denote

A= ) L, AF=(49% and A= (A9 (48)
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Now set

E:=|J E, (4.9)

q¢G

and decompose S into a “small” part and a “big” one by setting

S(x)__{S’(x), if x¢E°
0, if xekEe,

and s, :=S"—s;, and finally putting

S, (x) ;:fxl () du+S(—1),  Sy(x) ::jxl s(ut) du.

We will show that
ap(Sy, ¢) <c, (4.10)
which by virtue of (4.1) implies
al(S,, p)<c+1<[c+2]=:cs. (4.11)
To this end, put
pi1i=5 |1/.,

then we will prove that

. . h. k—1
|S'1(x)—p}1(x)|<c¢§qh’)<|x ’Z|+7f> . xel  (412)

J J

We first observe that either pj; =0 or pj; = pj, and in the latter case (4.7)
implies
h.
|p]’~1(x)|<c¢( ’), xel,.
h;

Hence we always have

h. —x. h. k—2
Ip}l(x)|<c¢( ’)<|x xf|+f> . xel (4.13)

h; h;

J J

Next we note that (4.7) is valid for S, and every xe 1, i.e.,

[Si(x)|<c ,  xel (4.14)
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Now, if p </, then ¢(p) < @(h;) and (1.2) through (1.5) yield

gp(p)<¢(hj)<c(p(/;j)(

P P ¥

R

and if p > h;, then 2 %p(p) <hj—’°go(hj), and (1.2) and (1.4) imply

Mgpkfl (P(hj) (p(hj) <|x_xj| +hj>(k—1)/2.

P h* s¢ h. h.

J J J

Hence (4.14) yields

— . ) k—1
|S'1(X)|<C(p§lhj)<|x );l’|+h’> , xel

J J

Combining (4.13) and (4.15) we have (4.12), and by it for xe I;,
19106) = pa(0)| = | [ (S(0) — pja(a0))

X,

which is (4.10).

(4.15)

The set E is a union of disjoint intervals F,=[a,, b,], between any two
of which there is an interval E, with g€ G. We may assume that n>c,c¢s
and we will write p e AG (for “Almost Good”) if F, consists of no more
than c¢s intervals E,, i.e., if it consists of no more than c,cs intervals ;. Set

F:= ) F,,

p¢AG

and let

) {S’(x), if xeF¢
Sq(x) 1=
4 0, otherwise,

and s5:= 8" —s,. (For the definition of F° see (4.8).) Now put

Sy(x) = fxl sy(u) du+S(—1),  Sy(x):= jxl sa(ut) du.
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Evidently S5 and S, are comonotone with S in /, and proceeding as we did
above we get

|S;<x)|<c<”(pp’, vel, (4.16)
and
(S, @) <co. (417)

Now (4.16) together with Lemma 5 implies the existence of a polynomial
V,, which is comonotone with S on I\O or on I\O*, as the case may be,
such that

[S5(x) — V(x)| < colp), xel (4.18)
Since
S4(x)=S8"(x), xeFe,
then by (4.1) we have for p ¢ AG,
iS4, @3 F) < ar(S, o3 Fp) <ailS, ¢) < 1. (4.19)
Also for such p,
2(x)=S%(x), xeF;e.
Hence from (4.11),
al(Ss, @3 F3°) = ai( Sy, 3 F ) Sai(S,, ¢) <cs. (4.20)

We still have to approximate S,. To this end we construct three polyno-
mials O, and M, of degree <30ksn and D,, (S,, -) of degree n;.

We begin with Q,,. For each ¢ for which E, = F, let #, be the collection
of intervals [; = E, with je UC. Recall that g ¢ G, therefore by (4.4), the
number of such intervals is at most 2k —4 < ¢, /4, and the total number of
intervals in E, is ¢,. Thus Lemma 8 is applicable for each E, and if we set

Qn:z Z Qn(?Equp(p)5

where on the right-hand side are the polynomials guaranteed by
Lemma 10, and denote
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then we conclude that Q,, satisfies

0.(x) I1(x) >0, xe(I\F)L O U, (4.21)
0.(x) sgn I1(x) > —g”(p”), xeF\(0uUJ), (4.22)

and by (4.4),
0,(x) sgn I1(x) 24(”(;), xeJ\O. (4.23)

Note that (4.21), (4.22), and (4.23) follow since for any given x all relevant
0,(x; E,; 4,5 @), except perhaps one, have the same sign. Finally it follows
from (3.16) that

|0.(x) <cp(p),  xel (4.24)

Next we define the polynomial M,. For each F, with p¢AG, let 7,
denote the collection of three intervals in the left 51de of F 3‘E\F and let
4,4+ be the collection of three intervals in the right 51de of F 3‘Z\F

Similarly, let F,_ and F,, be closed intervals each consisting of /:=c,c;
intervals [ and such that Jpoi=UHf_cF, cFyandJ,, :=U 4, c

F,, CF3e Now we set

M,:= Y (O F,; fprs @)+ 0 Fy s 45 9)).

pPEAG

Since /=c4¢s and p =3, it follows by (4.4) that c;//u > 4cs. Again we have
by Lemma 8§,

M (x)sgn I1(x) > —2(/)i)p), xe F\O; (4.25)
M, (x)sgn Il(x) =0, xe0;
M'(x) sgn [1(x) > 4es 9”(1)” ) xePA(FUO): (4.26)

and

p
x, F¢

365k
M;(x)sgnH(x)>c7(/)(p)<dist( )> . x¢F*U0. (427)

p
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Finally, it readily follows by virtue of (3.16) that
M (x)] <cp(p), xel (4.28)

The third auxiliary polynomial the properties of which we need to recall is
D, :=D, (S, ). By the choice of r and by (4.17), Lemma 7 yields

|S4(x)_Dn1(x)| <(:'0(’16(p(p)9 XEL (429)
and for any >0,

1S%(x) = Dy, (x)]

() 36ks
<ci1a,(S4; 05 (x—0,x+0)) qa(l)p)+08 (p) <p ! > , xel,

0
’ (4.30)
where ¢g := C,c¢. Noting that
Pu(X)
gia
P ny
we are going to prescribe n; = cn so big that
n 36ks
Cg <> < ¢, min(1, 3cs, ¢;). (4.31)
ny

Now we write
Rn ::Dn1+cl Qn+can’
and by virtue of (4.24), (4.28), and (4.29), we have
|S4(x) = R,(x)| <co(p), xel

In view of (4.18), this proves (4.2) for P,:= R, + V,. Thus in order to con-
clude the proof of Lemma 9, we should prove that (4.3) holds for our P,.
To this end, we recall that V/, is comonotone with S where it is required
so that we only have to deal with R,. Since (4.30) holds with an arbitrary
0, we will prescribe different ones as needed. As long as x e F?, it suffices
to take ¢ :=p, while we recall (1.2) and the fact that both x + p,(x) and
x—p,(x) are increasing in I\(/, ul,). First assume that xeF, so that
(x—0,x+6)c Fe If xeJ\O, then S)(x)sgn I1(x) =0, and we obtain by
(4.23), (4.25), (4.19), (4.30), and (4.31), that



78 LEVIATAN AND SHEVCHUK
R,(x) sgn T1(x) = ¢; Q,(x) sgn II(x) + Sy(x) sgn I1(x)

+ ¢ My(x) sgn T1(x) — [Sy(x) — D}, (x)]

22000, el e(p)  olp) <Pn1(x)>36’“
= 1 p 1 1 p 8 p p
>¢(/)p ) (1~ cqlning) ) > 0. (4.32)

If, on the other hand, x e F\(J U O), then (4.5) is violated and by virtue of
(4.22), (4.25), (4.19), (4.30), and (4.31), we get

R)(x) sgn I1(x)
> S4(x) sgn II(x) + ¢, 0,(x) sgn I1(x)

+ ¢ M(x) sgn T1(x) — [Sy(x) — D}, (x)|

o5, 2 elp) , elp)  elp)  olp) </’n1(x)>36’”
= 1 1 1 1 P) 8 p p
> (p(pp) (¢y — cg(n/ny)**) =0, (4.33)

Now assume that xe F2\(Fu O) so that (x —J, x+J) < F>¢. Again we
have S%(x) sgn I1(x) >0, and by (4.21), (426), (4.20), (430), and (4.31),
we obtain

R, (x) sgn 11(x) = ¢, @, (x) sgn I1(x) + S4(x) sgn 11(x)

+ ey My (x) sgn TI(x) — [Sy(x) — D, (x)|

S ae. e PP o(p)  o(p) <Pn1(x)>36“
Z4CCs —C1Cs —Cg

p p p
> L) (s ol ) 2.

Finally, if x¢ F?u O, then we set ¢ :=dist(x, F°), which implies that S
vanishes on (x —d, x +0). Hence a,(S,, ¢; (x —J, x+J)) =0, so by (4.21),
(4.27), (4.30), and (4.31), we conclude that



NEARLY COMONOTONE APPROXIMATION 79
R (x) sgn I1(x) = ¢, @y(x) sgn T1(x) + S4(x) sgn I1(x)
+ oy My(x) sgn T1(x) — [S4(x) — Dy, (X))
¢(p) <p>36’“ .2 <Pnl(x)>36’“
— 8
p

=104

P p g
o(p) <p>36ks< <pnl(x)>36ks>
27 — 0167_68
p \0 P
> gp(pp) <§>3% (cres—cg(nfni)*) 0. (4.35)

Combining (4.32) through (4.35) we have constructed a polynomial satisfying
(42) and (43). 1

The proofs of Theorems 1 and 2 now follow from Lemmas 3, 4, and 9,
except that in Lemma 9 the polynomial is of degree < c¢n. This is easily
rectified. First we may assume that ¢>k—1 and then we replace n by
[n/c], and observe that

p[n/c](x)<4czpn(x)’ XEI,

thus

PP rwer(X) S @p(4Pp,(x)) <4 e p(p,(x)),

where we applied the fact that ¢ € @*. Hence Theorems 1 and 2 hold for
n>c, while for smaller n, see the remark after the statement of
Theorem 2. |

5. A COUNTEREXAMPLE

In this section we prove Theorem 3 by providing an example (see a
similar example in [7, Example 1.11]).
Let y,:=1/(20n) and y, := —1/(20n) and define

ls x<y25

1
=< —20 <z,
S(x) nx ¥l <5
—1, X=y,.

Then of course f is nondecreasing in [ —1, y,] and [ y;, 1]; and nonin-
creasing in [ y,, y;]. Note that O*(8zn, Y,)<=[y,—1/4n, y,+1/4n] U
[y,—1/dn, y,+1/4n] o[ =1, =14+ 1/mn*Ju[1—=1/m% 1]=: O(n, Y,).
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For ¢t < 1/(10n), we readily see that w(f, t) =20nt. Let P, be comonotone
with f outside O(n, Y,) and contrary to (1.9) assume that

|f(x)—Pn(x)|<Aa)(f,pn(x)), XE[—I,I].
Since p,(+1F 1/n*) <3/n*<1/10n, this implies
|f(£1F1/n?) =P, (£1F 1/n?)| <604/n<1.

By virtue of the definition of f, we thus obtain + P,(+1F 1/n?) <0. Now,
P, is nondecreasing in [ —1+4 1/n% —1/4n] U [1/4n, 1 —1/n*]. Therefore
we conclude that the norm of P, in the interval [ —1+1/n% 1 —1/n?] is
attained in [ —1/4n, 1/4n]. Note that P, is positive at —1/4n and negative
at 1/4n, hence it vanishes somewhere inside, say at {. If |P,(&)| =P, :=
[Pl —141m2 1—1/27, then {—& <1/2n, whence there exists 0 such that

P.&)
1/2n

PL(0) >‘ ‘=2n P,

On the other hand, for n>2, 2/(2-2/m*)<4/3 and /1—-06*>>
J1—1/16n*>7/8, thus by Bernstein’s inequality for the interval
[ —1+1/n% 1 —1/n] we obtain

32n

P, <—
P0) <

1P, 1,

which is a contradiction. This completes the proof of Theorem 3.
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